We verify some "arithmetic" predictions made by conjectures of Campana, Hassett-Tschinkel, Green-Griffiths, Lang, and Vojta. Firstly, we prove that every dominant endomorphism of an arithmetically hyperbolic variety over an algebraically closed field of characteristic zero is in fact an automorphism of finite order, and that the automorphism group of an arithmetically hyperbolic variety is a locally finite group. To prove these two statements we use (a mild generalization of) a theorem of Amerik on dynamical systems which in turn builds on work of Bell-Ghioca-Tucker, and combine this with a classical result of Bass-Lubotzky. Furthermore, we show that if the automorphism group of a projective variety is torsion, then it is finite. In particular, we obtain that the automorphism group of a projective arithmetically hyperbolic variety is finite, as predicted by Lang's conjectures. Next, we apply this result to verify that projective hyperkähler varieties with Picard rank at least three are not arithmetically hyperbolic. Finally, we show that arithmetic hyperbolicity is a "geometric" notion, as predicted by Green-Griffiths-Lang's conjecture, under suitable assumptions related to Demailly's notion of algebraic hyperbolicity. For instance, if k ⊂ C is an algebraically closed subfield and X is an arithmetically hyperbolic variety over k such that X C is Brody hyperbolic, then X remains arithmetically hyperbolic after any algebraically closed field extension of k.
Introduction
A conjecture of Lang says that a projective variety over C is Brody hyperbolic if and only if it is arithmetically hyperbolic. In particular, arithmetically hyperbolic projective varieties should have the same properties as Brody hyperbolic varieties. For instance, as a Brody hyperbolic projective variety has only finitely many automorphisms, Lang's conjecture predicts that the same should hold for arithmetically hyperbolic projective varieties. In this paper we verify this prediction, and also establish several other results predicted by related conjectures of Campana, Green-Griffiths, Hassett-Tschinkel, and Vojta.
1.1. Arithmetic hyperbolicity. In studying the conjectural arithmetic properties of hyperbolic varieties, one is naturally led to the notion of arithmetic hyperbolicity. We start with a precise definition.
Let k be an algebraically closed field of characteristic zero. A finite type separated scheme X over k is arithmetically hyperbolic over k if, for all Z-finitely generated subrings A ⊂ k and all finite type separated schemes X over A with X k ∼ = X, the set X (A) is finite. We refer the reader to Section 3 for a discussion of basic results on arithmetically hyperbolic varieties. Note that arithmetically hyperbolic varieties are also referred to as "Mordellic" or "Siegelsch" (see for instance [63] ) . We unravel what the notion of arithmetic hyperbolicity entails for affine varieties. To do so, let X be an affine variety over k. Choose integers n ≥ 1 and m ≥ 1, choose polynomials f 1 , . . . , f n ∈ k[x 1 , . . . , x m ], and choose an isomorphism X ∼ = Spec(k[x 1 , . . . , x m ]/(f 1 , . . . , f n )).
Let A 0 be the subring of k generated by the (finitely many) coefficients of the polynomials f 1 , . . . , f n . Note that A 0 ⊂ k is a Z-finitely generated subring. Define X := Spec(A 0 [x 1 , . . . , x m ]/(f 1 , . . . , f n )) and note that X k ∼ = X. Now, the following statements are equivalent.
(1) The variety X is arithmetically hyperbolic over k.
(2) For every Z-finitely generated subring A ⊂ k containing A 0 , the set {(a 1 , . . . , a m ) ∈ A m | f 1 (a 1 , . . . , a m ) = . . . = f n (a 1 , . . . , a m ) = 0} is finite.
Thus, roughly speaking, one could say that an algebraic variety over k is arithmetically hyperbolic over k if it has only finitely many "A-valued points", for any choice of finitely generated subring A ⊂ k.
1.2.
Lang's conjecture on integral points. Conjecturally, a projective (integral) variety X is arithmetically hyperbolic over C if and only if it is Brody hyperbolic, i.e., every holomorphic map C → X an is constant. More generally, we have the following conjecture that relates all "notions of hyperbolicity". (1) The projective variety X is arithmetically hyperbolic over k.
(2) Every integral closed subvariety of X is of general type.
(3) For every subfield k 0 ⊂ C, every embedding k 0 → k, and every variety X 0 over k 0 with X ∼ = X 0 ⊗ k 0 k, we have that X 0,C is Brody hyperbolic. (4) For every abelian variety A over k, every morphism of varieties A → X over k is constant.
The original versions of this conjecture appeared in [59] and later in [25, Conjecture XV. 4.3] ; see also [1, §0.3] for a version over finitely generated subrings. Also, in [74, Conj. 4.3] Vojta extended this conjecture to quasi-projective varieties. The first striking consequence of Lang's conjecture was obtained by Caporaso-Harris-Mazur [21] ; we refer the reader to [51, 54] for other consequences of Lang's conjecture.
To the extent of our knowledge, Conjecture 1.1 does not imply the more general conjecture that varieties of general type have no dense set of rational points. Indeed, a variety of general type could have a dense set of rational points, even if the above conjecture is true.
In general, one can show that (1) =⇒ (4), (2) =⇒ (4), and (3) =⇒ (4) . We refer the reader to Section 3.2 for details. By Faltings's Big Theorem [35, 36] , the above conjecture is known for projective curves and (more generally) closed subvarieties of abelian varieties. By Faltings's earlier work on the moduli space of abelian varieties [33, 34] and Zuo's theorem for period maps [79] , Lang's conjecture is also known to hold for projective varieties over k with a finite morphism to the moduli stack of principally polarized abelian varieties over k. The more general version of this conjecture for quasi-projective varieties is known in several other cases, by work of Autissier, Corvaja-Zannier, Levin, and Vojta; see Example 3.15 1.3. Verifying Green-Griffiths-Lang's predictions. The aim of this paper is to verify certain "arithmetic" predictions made by the Green-Griffiths-Lang conjecture (Conjecture 1.1). In this section we state our main results.
1.3.1. Finiteness of automorphism groups. Our first result says that the automorphism group of a projective arithmetically hyperbolic variety over k is finite. Theorem 1.2. Let k be an algebraically closed field of characteristic zero. If X is a projective arithmetically hyperbolic variety over k, then Aut k (X) is finite.
Note that a Brody hyperbolic projective variety has only finitely many automorphisms [56, Theorem 5.4.4] , and that a projective variety over k of general type has only finitely many automorphisms [48, §11] . Thus, Theorem 1.2 is in accordance with the Green-Griffiths-Lang conjecture.
1.3.2. Geometricity of arithmetic hyperbolicity. Note that "being of general type" is a geometric notion, i.e., persists over any field extension. Similarly, as is shown in [49, Lemma 2.3] and also [52] , admitting no non-trivial maps from an abelian variety persists over field extension of k. Thus, the Green-Griffiths-Lang's conjecture (Conjecture 1.1) predicts that an arithmetically hyperbolic projective variety over k remains arithmetically hyperbolic after any algebraically field extension L of k. That is, the notion "being arithmetically hyperbolic" should be a "geometric" notion for projective varieties. In the direction of this "reasonable" expectation, we prove the following result. Theorem 1.3. Let k ⊂ C be an algebraically closed subfield. Let X be a projective variety over k. Assume that X C is Brody hyperbolic. Then X is arithmetically hyperbolic over k if and only if X C is arithmetically hyperbolic over C.
A projective variety satisfying either of the properties in the Green-Griffiths-Lang conjecture (Conjecture 1.1) is also conjectured to be algebraically hyperbolic over k (see [49, Definition 1.1] for a precise definition). In Section 4.2 we collect some properties of algebraically hyperbolic varieties following [15, 28, 49] , and we use these properties to prove Theorem 1.3. We stress that the "geometricity" of Demailly's notion of algebraic hyperbolicity, as proven in [49, Theorem 7.1] , is used to prove our result on the "geometricity" of arithmetic hyperbolicity.
We deduce Theorem 1.3 from the following more general result.
Theorem 1.4. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero, and let X be a projective algebraically hyperbolic variety over k. Then X is arithmetically hyperbolic over k if and only if X L is arithmetically hyperbolic over L.
More generally, it seems reasonable to suspect that the arithmetic hyperbolicity of a (not necessarily projective) algebraic variety over k persists over any algebraically closed field extension of L. To explain what this means, let n ≥ 1 be an integer, let r ≥ 1 be an integer, and let f 1 , . . . , f r ∈ Z[x 1 , . . . , x n ] be polynomials with the property that, for any number field K and any finite set of finite places S of K with ring of S-integers O K,S , the set of solutions {(a 1 , . . . , a n ) ∈ O n K,S | f 1 (a 1 , . . . , a n ) = .
. . = f r (a 1 , . . . , a n ) = 0} is finite. That is, suppose that the finite type affine scheme
over Q is arithmetically hyperbolic over Q. The persistence of the arithmetic hyperbolicity of X over an algebraically closed field extension k of Q would entail that, for any finitely generated subring A ⊂ k, the set {(a 1 , . . . , a n ) ∈ A n | f 1 (a 1 , . . . , a n ) = . . . = f r (a 1 , . . . , a n ) = 0} is finite. In the direction of this "reasonable" expectation, we show that arithmetic hyperbolicity persists, under a "mild boundedness" assumption; see Theorem 4.4.
1.3.3.
Endomorphisms and arithmetic hyperbolicity. In Theorem 1.2 we verified the finiteness of automorphism groups of projective arithmetically hyperbolic varieties. In our next result, we show that every dominant endomorphism of an arithmetically hyperbolic variety is in fact an automorphism of finite order.
More precisely, it seems reasonable to suspect that the automorphism group of any arithmetically hyperbolic variety is finite. Instead of the finiteness, our next result verifies the local finiteness. Here, we follow standard terminology and say that a group G is locally finite if every finitely generated subgroup of G is finite. Theorem 1.5. Let k be an algebraically closed field of characteristic zero and let X be an arithmetically hyperbolic variety over k. Then, Aut k (X) is a locally finite group and every dominant endomorphism of X is an automorphism of finite order.
To prove the second statement of Theorem 1.5 we use properties of dynamical systems of arithmetically hyperbolic varieties and Amerik's theorem on existence of points with infinite orbit. The first statement then follows from combining the first statement with a well-known theorem of Bass-Lubotzky [5, Corollary 1.2]: if X is a variety over k and Γ ⊂ Aut k (X) is a finitely generated torsion subgroup, then Γ is finite.
The "analytic" analogue of the second statement in Theorem 1.5 for Brody hyperbolic projective varieties is [56, Theorem 6.6.20] . The "algebraic" analogue of Theorem 1.5 for projective varieties of general type is [8, Proposition 2.a]. Thus, needless to stress, Theorem 1.5 is in accordance with the Green-Griffiths-Lang conjecture.
1.4. Torsion automorphism groups are finite. In our proof of the fact that projective arithmetically hyperbolic varieties have a finite automorphism group (Theorem 1.2) we will require a criterion for finiteness of the automorphism group of a projective variety. This criterion is provided by the following result. Theorem 1.6. Let k be an algebraically closed field of characteristic zero, and let X be a projective variety over k. If Aut k (X) is a torsion group, then Aut k (X) is a finite group.
Our proof of Theorem 1.6 uses the theorem of the base, the existence of elements of infinite order in positive-dimensional algebraic groups over k, and the well-known fact that automorphisms preserving a fixed ample class in the Néron-Severi group form a finite type group scheme. We refer the reader to Section 5 for the proof of Theorem 1.6, and a discussion of several intermediate results.
We stress that, if k = C and X is smooth, the proof of Theorem 1.6 is much simpler. Indeed, in this case, one could for instance appeal to [30, Theorem 2.1] to see that Aut C (X) is finitely generated, so that the desired finiteness result follows directly from Bass-Lubotzky's theorem [5, Corollary 1.2].
1.5. Application to hyperkähler varieties. As before, let k be an algebraically closed field of characteristic zero. A smooth projective variety over k is a hyperkähler variety over k if π et 1 (X) is trivial (i.e., X is algebraically simply connected), and H 2,0 (X) = H 0 (X, Ω 2 X ) is a one-dimensional k-vector space which can be generated by a non-degenerate form.
Hyperkähler varieties are a part of the building blocks of smooth projective varieties. In fact, by Beauville-Bogomolov's decomposition theorem [7] , every smooth projective variety of Kodaira dimension zero over k admits a finiteétale cover by a finite product of hyperkähler varieties, Calabi-Yau varieties, and abelian varieties.
Standard conjectures in the MMP suggest that hyperkähler varieties are not arithmetically hyperbolic. This brings us to our next result. To state this result, we define the Picard rank ρ(X) of a smooth projective variety X over k to be the rank of the Néron-Severi group NS(X) of X. Theorem 1.7. Let X be a smooth projective hyperkähler variety over k. If ρ(X) ≥ 3, then X is not arithmetically hyperbolic over k.
Note that a conjecture of Campana [19, Conjecture 13.23 ] predicts that, if X is a smooth projective variety over a number field K with ω X numerically trivial, then there is a finite field extension L/K such that X(L) is Zariski dense in X; for results related to Campana's conjecture we refer to [12, 13, 14, 40, 41, 42, 43] . Note that Theorem 1.7 is a modest contribution to these conjectures.
We note that Theorem 1.7 implies that K3 surfaces of Picard rank at least three are not arithmetically hyperbolic. However, since a K3 surface X over k contains a rational curve [46] , it is clear that X is not arithmetically hyperbolic over k.
Our proof of Theorem 1.7 uses our result that projective varieties with an infinite automorphism group are not arithmetically hyperbolic (Theorem 1.2). In fact, if X is a hyperkähler variety with Picard rank at least three and finite automorphism group, then X admits a rational curve (Theorem 7.2) in which case it is clear that X is not arithmetically hyperbolic.
1.6. Outline of paper. We start with recalling basic properties of "groupless" varieties in Section 2. The main result of this section is Lemma 2.2, and its proof is given in [49] . After this brief discussion of groupless varieties, we move our attention to arithmetic hyperbolicity in Section 3. We start with the definition of arithmetic hyperbolicity (as in [53] ) and then show the folklore fact that arithmetically hyperbolic varieties are groupless in Proposition 3.11. The proof of the latter result uses Hassett-Tschinkel's work on integral points of abelian varieties; we recall their results in Section 3.1. As an application of our results so far, we prove that arithmetically hyperbolic projective varieties are hyperbolic in a "non-archimedean" sense; see Corollary 3. 18 .
In Section 4 we study the "geometricity" of arithmetic hyperbolicity. That is, we investigate whether the arithmetic hyperbolicity of a variety X over k persists over field extensions. We prove this under the additional assumption that X is "mildly bounded" in Theorem 4.4. As an application, we obtain that arithmetic hyperbolicity is a geometric notion for algebraically hyperbolic projective varieties (Theorem 4.12). In particular, as Brody hyperbolic projective varieties over C are algebraically hyperbolic over C, this achieves the proof of Theorem 1.3.
In Section 5 we briefly focus on properties of automorphism groups of projective varieties and prove Theorem 1.6. That is, if X is a projective variety over k with Aut k (X) a torsion group, then Aut k (X) is finite. We isolate several preliminary results in Section 5, and discuss at each stage where our assumption that k is of characteristic zero is used.
In Section 6 we first show that endomorphisms of arithmetically hyperbolic varieties have only finite orbits; this is a fairly easy consequence of the definition of arithmetic hyperbolicity. Then, we state a (mild generalization of a) theorem of Amerik and prove that dominant endomorphisms with finite orbits are automorphisms of finite order (Corollary 6.5). We combine Amerik's theorem with a well-known structure theorem of Bass-Lubotzky to prove Theorem 1.5. Then, we conclude Section 6 by combining Theorem 1.5 with our earlier established result on automorphism groups of projective varieties (Theorem 1.6) to prove Theorem 1.2.
We conclude this paper by proving that hyperkähler varieties with Picard rank at least three are not arithmetically hyperbolic (Theorem 1.7) in Section 7.
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Conventions. Throughout this paper k will be an algebraically closed field of characteristic zero. A variety over k is a finite type separated integral k-scheme.
Groupless varieties
In this section we introduce the notion of grouplessness for a variety over k. Roughly speaking, an algebraic variety is groupless if it admits no non-trivial morphisms from an algebraic group. The precise definition reads as follows (see also [49, 52] ). Definition 2.1 (Grouplessness). A variety X over a field k is groupless if, for every finite type connected group scheme G over k, every morphism G → X is constant.
Grouplessness is a well-known notion, and sometimes referred to as "algebraic hyperbolicity" or "algebraic Lang hyperbolicity"; see [44] , [56, Remark 3.2.24], or [57, Definition 3.4]. To avoid confusion, we will only use the term "algebraically hyperbolic" for the notion defined by Demailly [28, 49] .
The following statements hold.
(1) A finite type scheme X over k is groupless over k if and only if every morphism G m,k → X is constant and, for every abelian variety A over k, every morphism A → X is constant. Proof. This is proven in [49] . (Since a proper groupless variety over k has no rational curves, the third statement also follows from [27, Corollary 1.44].) Lemma 2.3. If X is a proper groupless two-dimensional variety over k, then every integral subvariety of X is of general type and Aut k (X) is finite.
Proof. (This follows from [44, Corollary 1.6. (2)]. For the reader's convenience, we include a simple proof.) As X clearly admits no morphisms from a rational or elliptic curve, it suffices to show that X is of general type. Let X ′ → X be the minimal resolution of singularities, and let X min be the minimal regular model of X; see [64, Ch. 8] . Note that X min is a smooth projective surface. Since X is groupless, the varieties X ′ and X min have only finitely many rational curves and genus one curves. In particular, by the classification of smooth projective surfaces, the Kodaira dimension of X is 0, 1, or 2. As smooth proper surfaces of Kodaira dimension 1 admit an elliptic fibration (over a curve) and X min admits only finitely many genus one curves, we see that the Kodaira dimension of X is 0 or 2. To conclude the proof, it suffices to show that the Kodaira dimension of X is not 0.
Suppose that X min admits a finiteétale cover Y → X min with Y an abelian surface. Then, by the third part of Lemma 2.2, the dominant rational map Y X is in fact a well-defined (surjective) morphism. The existence of such a map contradicts the fact that X is groupless (as Y is a connected positive-dimensional algebraic group). Thus, X min is not an abelian surface up to a finiteétale cover.
Therefore, if X min is of Kodaira dimension zero, by the classification of surfaces, it is a K3 surface up to a finiteétale cover. However, a K3 surface contains infinitely many pairwise distinct connected genus one curves [46, Cor.2.2] . But any finite cover of X min admits only finitely many curves of genus one. We conclude that X min is not covered by a K3 surface, so that X min is of Kodaira dimension two as required.
The fact that Aut k (X) is finite for X of general type over k is well-known; see for instance [48, Theorem. 11.12] .
Remark 2.4. Combining the second part of Lemma 2.2 with Lemma 2.3, we see that, for any proper surface X over k which is not of general type, there is an abelian surface A over k and a non-constant morphism A → X. In particular, if X is a proper surface over k with infinite automorphism group, then there is an abelian surface A over k and a non-constant morphism A → X.
Arithmetic hyperbolicity
Central to the theme of this paper is the notion of being arithmetically hyperbolic. This notion was introduced by Lang over Q; see also [72, §2] , and [3, 4] . Roughly speaking, to test the arithmetic hyperbolicity of a variety, one has to choose a model and "check" the finiteness of integral points on every Z-finitely generated subring of k. The precise definition reads as follows.
Definition 3.1 (Arithmetic hyperbolicity). Let X be variety over k. Then X is arithmetically hyperbolic over k (or: has-only-finitely-many-integral-points over k) if there is a Z-finitely generated subring A ⊂ k and a finite type separated A-scheme X with X k ∼ = X over k such that, for all Z-finitely generated subrings
We refer the reader to [53, §4] for basic properties of arithmetically hyperbolic varieties. For example, a variety X over k is arithmetically hyperbolic over k if, for all Z-finitely generated subrings A ⊂ k and all finite type separated schemes X over A with X k ∼ = X, the set X (A) is finite. [53, Lemma 4.7] .
Remark 3.2. If X is a variety over a finitely generated field K of characteristic zero such that, for every finite field extension L/K, the set X(L) is finite, then X K is arithmetically hyperbolic over K.
3.1.
Integral points on abelian varieties. In the next section we will show that arithmetically hyperbolic varieties are groupless. To prove this result, we will collect some preliminary results on integral points of abelian varieties in this section; these results are due to Hassett-Tschinkel, Lang, and Néron. We start with the following generalization of Mordell-Weil's theorem for abelian varieties. Lemma 3.3 (Lang-Néron's Mordell-Weil). Let K be a finitely generated field of characteristic zero and let A be an abelian variety over K. Then, the abelian group A(K) is finitely generated.
Proof. This is [24, Cor. 7.2] (see also the original paper of Lang-Néron [60] ).
We now show that the rank of an abelian variety A over a finitely generated field K of characteristic zero can grow arbitrarily large over finite extensions of K. We stress that Lemma 3.4, Lemma 3.5, Lemma 3.6, and Lemma 3.7, below are due to Hassett-Tschinkel [40] .
Lemma 3.4 (Rank jumping). Let K be a finitely generated field of characteristic zero and let A be an abelian variety over K. Then there is a finite field extension L/K such that the rank of A(L) is strictly bigger than the rank of A(K).
Proof. If K is a number field, then this is due to Hassett-Tschinkel [40, Lemma 3.2] . To prove the lemma, we follow the arguments in loc. cit.. Thus, let Γ be the saturation of A(K) in A(K), and note that Γ contains all the torsion points of A(K). Choose a finite extension K 1 ⊂ K of K and a smooth curve C of genus at least two contained in A. By [67, Theorem. 1] (formerly the Manin-Mumford conjecture, proven in [69] ), the intersection C(K) ∩ Γ is finite. Thus, there is a finite field extension L of K 1 such that C(L) \ Γ is non-empty, so that the rank of A(L) is strictly bigger than the rank of A(K).
Lemma 3.5. Let K be a finitely generated field of characteristic zero and let A be a geometrically simple abelian variety over K. Then, there is a finite field extension L/K and a point P in A(L) such that the subgroup generated by P in A(L) is Zariski dense in A.
Proof. We follow Hassett-Tschinkel's proof of [40, Proposition 3.1]. Thus, let L/K be a finite field extension and let P be a point of infinite order in A(L); such data exists by Lemma 3.4. The connected component of the closure of the subgroup generated by P is a non-trivial abelian subvariety of A. Since A is geometrically simple, we conclude that the closure of the subgroup generated by P is equal to A. Lemma 3.6. Let K be a finitely generated field of characteristic zero and let A 1 be a geometrically simple abelian variety over K. Let B be an abelian variety over K and let Q ∈ B(K) be a point such that the subgroup generated by Q is Zariski dense in B. Then, there is a finite field extension L/K such that A 1 (L) × B(L) contains a point P such that the subgroup generated by P is Zariski dense in A 1 × B.
Proof. When K is a number field, this is proven in [40, Lemma 3.3] . The proof given there works over finitely generated fields of characteristic zero, as we explain now.
By Lemma 3.5, replacing K by a finite field extension if necessary, there is a point P ∈ A 1 (K) such that the subgroup generated by P 1 is Zariski dense in A 1 . Moreover, replacing K by a finite field extension if necessary, we may and do assume that Hom(A 1 , B) = Hom K (A 1,K , B K ). Let Z 1 , . . . , Z ℓ be a basis of Hom(A 1 , B). Considering B as an element β of Hom 0 (A 1 , B) (with β(P 1 ) = Q), we see that there exists integers b 1 , . . . , b ℓ and d = 0 with dQ = (b 1 Z 1 + . . . + b ℓ Z ℓ )(P 1 ). Thus, Q is contained in the saturation Γ of the subgroup of B(K) generated by the images of P 1 under the Z i . By Lemma 3.4, there is a finite field extension L/K and point Q ′ in B(K) such that q is not contained in Γ. Then, it is clear that the point P :
Proposition 3.7. Let K be a finitely generated field of characteristic zero and let A be an abelian variety over K. Then, there is a finite field extension L/K and a point P in A(L) such that the subgroup generated by P in A(L) is Zariski dense in A.
Proof. As in Hassett-Tschinkel's proof of [40, Prop 3.1], replacing K by a finite field extension and A by an isogenous abelian variety if necessary, we may and do assume that A is a product of n geometrically simple abelian varieties with n ≥ 1. We proceed by induction on n (as in loc. cit.). If n = 1, then the statement follows from Lemma 3.5. If n > 1, then we write A = A 1 ×B with A 1 a geometrically simple abelian variety over k and B the product of precisely n−1 geometrically simple abelian varieties. Now, the induction hypothesis implies that there is a finite field extension K 1 /K and a point Q in B(K 1 ) such that the subgroup generated by Q is Zariski dense in B. It follows from Lemma 3.6 that there is a finite field extension L/K 1 and a point P in A(L) = A 1 (L) × B(L) such that the subgroup generated by P is Zariski dense in A = A 1 × B. This concludes the proof. Corollary 3.8. Let k be an algebraically closed field of characteristic zero and let G be an abelian variety over k. Then there is a finitely generated subfield L ⊂ k and an abelian variety
Proof. We first "descend" the abelian variety G over k to a finitely generated subfield. Thus, choose a finitely generated subfield K ⊂ k and an abelian variety
Thus, the corollary holds with G := G ′ L . Lemma 3.9. Let S be an integral regular noetherian scheme. Let G be an abelian scheme over S. Then G(S) = G(K(S)).
Proof. Note that the geometric fibres of G → S do not contain any rational curves. Therefore, the result follows from [37, Proposition 6.2].
Corollary 3.10. Let k be an algebraically closed field of characteristic zero and let G be an abelian variety over k. Then there is a smooth Z-finitely generated subring A ⊂ k and an abelian scheme
Proof. Choose a smooth Z-finitely generated subring A ⊂ k and an abelian scheme G → Spec A such that G k ∼ = G and such that G(Frac(A)) is Zariski dense in G; such data exists by Corollary 3.8. To conclude the proof, note that G(A) = G(Frac(A)) by Lemma 3.9.
3.2. Arithmetically hyperbolic varieties are groupless. Lang conjectured that a projective groupless variety over k is arithmetically hyperbolic over k. In other words, if a projective variety X over k has infinitely many "integral points", then Lang's conjecture implies that there should be an abelian variety A and a non-constant morphism A → X (by Lemma 2.2. (2)). In this section we prove the converse of this statement. Proposition 3.11. If X is an arithmetically hyperbolic variety over k, then X is groupless over k.
Proof. We first show that every morphism f : G m,k → X is constant. To do so, choose a Zfinitely generated subring A ⊂ k, a model X for X over A and a morphism F :
Now, let G be an abelian variety over k, and let G → X be a morphism. To show that G → X is constant, choose a smooth Z-finitely generated subring A ⊂ k, a model X for X over A, an abelian scheme G over A with G k ∼ = G, and a morphism G → X such that G(A) is Zariski dense in G; such data exists by Corollary 3.10. Note that the set G(A) maps to the set X (A) via G → X . Therefore, since G(A) is Zariski dense in G, the image of the finite set G(A) in X (A) is Zariski dense in the (closed, scheme-theoretic) image of G → X. However, since X is arithmetically hyperbolic over k, any closed subscheme of X is arithmetically hyperbolic over k. Thus, the image of G → X is an arithmetically hyperbolic connected variety whose set of k-points contains a finite and dense subset. This implies that the image of G → X is finite, so that G → X is constant.
To conclude the proof, apply the first part of Lemma 2.2.
Remark 3.12. Let X be a projective variety over k. If every integral closed subvariety of X is of general type, then it is not hard to see that X is groupless. Moreover, if k = C and X is Brody hyperbolic, then X is groupless (cf. the proof of [52, Lemma 2.14] ). Thus, needless to stress, Proposition 3.11 is in accordance with the Green-Griffiths-Lang conjecture (Conjecture 1.1) .
The grouplessness of arithmetically hyperbolic varieties implies that rational maps from a normal variety are defined everywhere, as we show now. Proof. Since X is arithmetically hyperbolic, it follows that X is groupless. Therefore, the lemma follows from the third part of Lemma 2.2.
Remark 3.14. Let X be a proper surface over k. If X is arithmetically hyperbolic over k, then every integral subvariety of X is of general type. To prove this, note that X is groupless (3.11) , so that the claim follows from Lemma 2.3. In particular, a K3 surface over k is not arithmetically hyperbolic over k.
We conclude this section with examples of arithmetically hyperbolic varieties.
Example 3.15. It follows from Faltings's theorem [33, 34] that a one-dimensional variety X over k is arithmetically hyperbolic over k if and only if it is groupless over k. Moreover, it follows from Faltings's theorem [35] that a closed subvariety X of an abelian variety A over k is arithmetically hyperbolic over k if and only if X is groupless. We refer to [3, 4, 6, 26, 35, 63, 66, 76, 77, 75] for more examples of arithmetically hyperbolic varieties. Example 3.17. Let X be a smooth projective curve over k and let n ≥ 1 be an integer. Then, it follows from Faltings's theorem that the Green-Griffiths-Lang conjecture holds for the n-fold symmetric product Sym n X of X. Namely, Sym n X is groupless over k if and only if it is arithmetically hyperbolic over k if and only if it is every subvariety of Sym n X is of general type. Moreover, if k = C, then Sym n X is groupless if and only if it is Brody hyperbolic.
We conclude this section with the following "non-archimedean" application of the grouplessness of an arithmetically hyperbolic variety. In the following statement, we follow the notation and conventions of [52] .
Corollary 3.18. Let k be an algebraically closed field of characteristic zero and let X be an arithmetically hyperbolic projective variety over k. Let K be the completion of an algebraic closure of the field k((t)) with its natural t-adic valuation. Then, for every finite type connected group scheme G over K, every morphism of adic spaces G an → X an K is constant.
Proof. Since X is arithmetically hyperbolic over k, it follows that X is groupless over k (Proposition 3.11). Since X is groupless over k, it follows from [52, Theorem 1.3] that X an K is K-analytically Brody hyperbolic [52, Definition 2.3], i.e., for every finite type connected group scheme G over K, every morphism of adic spaces G an → X an K is constant.
Geometricity of arithmetic hyperbolicity
In this section we study the persistence of arithmetic hyperbolicity over field extensions, under suitable "boundedness" assumptions related to Demailly's notion of algebraic hyperbolicity [28] . Our main result (Theorem 1.3) says that arithmetic hyperbolicity of a projective variety persists over field extensions provided that the variety is Brody hyperbolic; see Section 4.3 for the proof.
Mild boundedness.
With the aim of isolating the weakest property we require for proving the persistence of arithmetic hyperbolicity along field extensions, we start with the notion of "mild boundedness". 
The precise interplay between arithmetic hyperbolicity and mild boundedness should become clear in Theorem 4.4. We start with a preliminary result. Lemma 4.2. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero such that L is of transcendence degree 1 over k. If X is an arithmetically hyperbolic mildly bounded variety over k, then X L is arithmetically hyperbolic over L.
Proof. Let A ⊂ k be a Z-finitely generated subring and let X → Spec A be a finite type separated model for X over A (so that X k ∼ = X). Note that X is also a finite type model for X L over A ⊂ L.
Let A ⊂ B ⊂ L be a Z-finitely generated subring with B a smooth Z-algebra. To prove the lemma, it suffices to show that X (B) is finite. We define C := Spec B, and note that X (C) = X (B).
Since X is arithmetically hyperbolic over k, for any intermediate subring A ⊂ A ′ ⊂ k with A ′ finitely generated over Z, the set X (A ′ ) is finite. Therefore, to prove that X (C) is finite, we may and do assume that the subring B ⊂ L is not contained in k.
Let K be the fraction field of A, and note that K ⊂ k ⊂ L. Then, as B is not contained in k and L is of transcendence degree one over k, we have that C K → Spec K is a smooth affine connected one-dimensional scheme over K.
Define C := C k . Note that C is a smooth affine curve over k, and that there is an inclusion of sets X (C) = Hom A (C, X ) ⊂ Hom k (C, X). We now use that X is mildly bounded over k to show that X (C) is finite. Indeed, since X is mildly bounded over k, there exists an integer m ≥ 1 and points c 1 , . . . , c m ∈ C(k) such that, for all x 1 , . . . , x m ∈ X(k), the set Hom k ((C, c 1 , . . . , c m ), (X, x 1 , . . . , x m )) is finite. We choose m and c 1 , . . . , c m ∈ C(k) with this property.
Let A ⊂ A ′ ⊂ k be a smooth Z-finitely generated subring and let c 1 , . . . , c m ∈ C(A ′ ) be such that c 1,k = c 1 , . . . , c m,k = c m in C(k). (In other words, extend the base ring A in such a way that the points c 1 , . . . , c m become sections of C.)
Now, define D := C × A A ′ . Note that X (C) ⊂ X (D). Thus, it suffices to show that X (D) is finite. Note that c 1 , . . . , c m are sections of D → Spec A ′ . Moreover, if f : D → X is an element of X (D), then f (c i ) ∈ X (A ′ ). Therefore, we have an inclusion of sets
Note that D k = C. Thus, for any (x 1 , . . . , x m ) ∈ X (A ′ ) m , we have an inclusion of sets Hom A ((D, c 1 , . . . , c m ), (X , x 1 , . . . , x m )) ⊂ Hom k ((C, c 1 , . . . , c m ), (X, x 1,k , . . . , x m,k )).
Thus, we conclude that X (D) is finite from the finiteness of X (A ′ ) m and the finiteness of the set Hom k ((C, c 1 , . . . , c m ), (X, x 1,k , . . . , x m,k )). This concludes the proof.
Lemma 4.3. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero such that L has finite transcendence degree over k. Let X be an arithmetically hyperbolic variety over k. If X L is mildly bounded over L, then X L is arithmetically hyperbolic over L.
Proof. We proceed by induction on the transcendence degree of L over k. Let n := trdeg k (L). If n = 0, we are done by our assumption that X is arithmetically hyperbolic over k (as k = L in this case). Thus, let us assume that the statement of the lemma has been proven for extensions of transcendence degree ≤ n − 1. Let k ⊂ K ⊂ L be an algebraically closed subfield with trdeg k (K) = n−1. Then X K is arithmetically hyperbolic over K (by the induction hypothesis and the fact that X K is mildly bounded over K). Thus, as K ⊂ L has transcendence degree 1 and X K is a mildly bounded arithmetically hyperbolic variety over K, the result follows from Lemma 4.2.
Theorem 4.4. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero. Let X be an arithmetically hyperbolic variety over k. If X L is mildly bounded over L, then X L is arithmetically hyperbolic over L.
Proof. To say that X L is arithmetically hyperbolic over L is equivalent to saying that, for every algebraically closed subfield k ⊂ K ⊂ L of finite transcendence degree over k, the variety X K is arithmetically hyperbolic over K. Therefore, the result follows from Lemma 4.3.
4.1.1.
A conjecture on mildly bounded varieties. It would be interesting to show that arithmetically hyperbolic varieties are actually mildly bounded, as this would imply that arithmetically hyperbolic varieties remain arithmetically hyperbolic over any extension of the base field.
Conjecture 4.5. If X is an arithmetically hyperbolic variety over k, then X is mildly bounded over k.
Mild boundedness is essentially the "weakest" notion of boundedness required for arithmetic hyperbolicity to persist over a field extension, and Conjecture 4.5 predicts that this "weak" notion on boundedness holds for all arithmetically hyperbolic varieties.
In the next section we use our earlier work with Ljudmila Kamenova on Demailly's notion of algebraic hyperbolicity to show that arithmetic hyperbolicity persists over field extensions, under assumptions related to the notion of mild boundedness.
4.2.
Demailly's notion of algebraic hyperbolicity. In this section we combine our results from our earlier work with Kamenova [49] with Theorem 4.4, and provide new results on the geometricity of arithmetic hyperbolicity for projective varieties.
Before gathering the relevant statements from [49] , we recall the definitions (see also [49, §4] ). In [49] several properties of of algebraically hyperbolic projective varieties are proven using earlier work of Kovács-Lieblich [58] and Hwang-Kebekus-Peternell [47] .
In [49] the reader will also find notions of "boundedness" related to algebraic hyperbolicity (Definition 4.6). The definitions of these notions of boundedness are as follows. It is clear that for n ≥ 1 and m ≥ 0, if X is (n, m)-bounded over k, then X is (n, m + 1)bounded. We now recall the results of [49] . Remark 4.9. Motivated by the fact that one can "test" hyperbolicity on curves (see for instance [50, Theorem 1.5]), we established that boundedness can be "tested" on maps from curves. Let X be a projective variety over k. Then it follows from [49, Theorem 9.2] that the following are equivalent.
(1) There is an integer n ≥ 1 such that X is n-bounded over k.
(2) For all integers n ≥ 1, the projective variety X is n-bounded over k. Moreover, it follows from [49, Theorem 8.4 ] that the following are equivalent.
(1) There are integers n ≥ 1 and m ≥ 1 such that X is (n, m)-bounded over k.
(2) For all integers n ≥ 1 and m ≥ 1, the projective variety X is (n, m)-bounded over k.
Theorem 4.10 (Relations between notions of boundedness). Let X be a projective variety over k.
(1) Let m ≥ 1 be an integer. The projective variety X is (1, m)-bounded over k if and only if, for every smooth projective connected curve C over k, every set of pairwise distinct c 1 , . . . , c m in C(k), and every x 1 , . . . , x m ∈ X(k), the set is (1, m) -bounded over k, then X is mildly bounded.
(3) Assume X is algebraically hyperbolic over k. Then, for all integers n ≥ 1 and m ≥ 0, the projective variety X is (n, m)-bounded and mildly bounded over k.
Proof. Note that (1) is precisely [49, Lemma 4.6] . Now, to prove (2), we may and do assume that m = 1; see [49, Proposition 4.8] . Then, by (1), for every smooth projective connected curve C over k, every c in C(k), and every x in X(k), the set Hom k ((C, c), (X, x)) is finite. Thus, since X is proper over k, by the valuative criterion of properness, it follows that, for every smooth quasi-projective connected curve C over k, every c in C(k), and every x in X(k), the set Hom k ((C, c), (X, x)) is finite. This clearly implies that X is mildly bounded over k. Finally, note that (3) follows from [49, Theorem 9.4] and (2). This concludes the proof.
The following result says that algebraic hyperbolicity and boundedness are "geometric" properties, i.e., persist over any field extension of k. (1) If X is algebraically hyperbolic over k, then X L is algebraically hyperbolic over L.
(2) Let m ≥ 1 be an integer. If X is (1, m)-bounded over k, then X L is (1, m)-bounded over L.
Proof. We note that (1) We can now combine the above results from [49] with the main result of the previous section (Theorem 4.4) to get a useful criterion for geometricity. (1) If m ≥ 0 and X is (1, m)-bounded over k, then X L is arithmetically hyperbolic over L.
(2) If X is algebraically hyperbolic over k, then X L is arithmetically hyperbolic over L.
Proof. To prove (1), assume that X is (1, m)-bounded over k. Note that X L is (1, m)bounded over L by the geometricity of (1, m)-boundedness (Theorem 4.11). In particular, the projective variety X L is mildly bounded over L (Theorem 4.10. (2)). Since X is an arithmetically hyperbolic variety over k and X L is mildly bounded over L, by Theorem 4.4, we may conclude that X L is arithmetically hyperbolic over L. This proves (1) . If X is algebraically hyperbolic over k, then X is (1, m)-bounded over k by Theorem 4.10.(3). Thus, (2) follows from (1).
Proof of Theorem 1.4. If X is arithmetically hyperbolic over k, then it follows from Theorem 4.12.(2) that X L is arithmetically hyperbolic over L. Conversely, if X L is arithmetically hyperbolic over L, then it is clear that X is arithmetically hyperbolic over k. This concludes the proof.
4.3.
Integral points on analytically hyperbolic varieties. In this section we prove Theorem 1.3. Our proof uses that Brody hyperbolic projective varieties over C are algebraically hyperbolic; a result due to Demailly [28, Theorem 2.1]. With the aim at greater clarity, we first state and prove a slightly more general result.
Proposition 4.13. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero. Let X be a projective arithmetically hyperbolic variety over k. Suppose that there is a subfield k 0 ⊂ k, a projective variety X 0 over k 0 , an isomorphism X 0,k ∼ = X over k, and an embedding k 0 ⊂ C such that X 0,C is Brody hyperbolic. Then X L is arithmetically hyperbolic over L.
Proof. Since X 0,C is a projective Brody hyperbolic, it follows from Brody's lemma that X 0,C is a Kobayashi hyperbolic variety [56, Theorem 3.6.3]. In particular, as X 0,C is a Kobayashi hyperbolic projective variety, it follows that X 0,C is algebraically hyperbolic over C; see [49, Theorem 1.2] . It follows that X 0 is algebraically hyperbolic over k 0 . However, by the geometricity of algebraic hyperbolicity [49, Theorem 7.1], we conclude that X 0,k ∼ = X is algebraically hyperbolic over k. Now, as X is an algebraically hyperbolic and arithmetically hyperbolic projective variety over k, we conclude that X L is arithmetically hyperbolic (Theorem 4.12. (2)).
Proof of Theorem 1.3. Let X be a projective arithmetically hyperbolic variety over k such that X C is Brody hyperbolic. It follows that X C is arithmetically hyperbolic over C from Proposition 4.13 with k 0 := k and L := C.
It might be useful to include an overview of the relations (currently known to us) between the notions of hyperbolicity appearing in this paper. We do so in the following remark.
Remark 4.14. Let X be a projective variety over k. We briefly say that X is conjugate-Brody hyperbolic over k if there is a subfield k 0 ⊂ k, an embedding k 0 → C, a projective variety X 0 over k 0 , and an isomorphism X 0,k ∼ = X over k such that X 0,C is Brody hyperbolic. With this definition, the following implications hold for X over k:
X is arithmetically hyperbolic over k + 3 X is groupless over k
Torsion automorphism groups are finite
The main result of this section says that, for a projective variety X over the field k (of characteristic zero), the automorphism group of X is infinite if and only if it is non-torsion; see Theorem 1.6. To prove this result, we will use basic facts about Néron-Severi groups, automorphisms preserving some fixed ample class, and k-points of positive-dimensional finite type group schemes over k. Presumably this result is "well-known" to experts, as the arguments we use already appear in the literature (in some form or another); see for instance [20] , [61, Corollaary 6.1.7], or [78] .
Let S be a scheme and let X → S be a morphism. The functor Aut X/S on the category of schemes over S is defined by Aut X/S (T ) = Aut T (X T ). We first use basic representability results for this functor to prove the following result.
Lemma 5.1. Let k ⊂ L be an extension of algebraically closed fields. Let X be a projective variety over k. If Aut k (X) is finite, then Aut L (X L ) is finite.
Proof. The group scheme Aut X/k is locally of finite type over k and has only finitely many k-points. This implies that Aut X/k is finite over k. Thus, Aut X L /L = Aut X/k ⊗ k L is finite over L, so that Aut(X L ) = Aut X L /L (L) is finite. This proves the lemma.
For X a proper scheme over a field k, we let NS(X) be the Néron-Severi group of X, and we define NS(X) Q := NS(X) ⊗ Z Q. If L is a line bundle on X, we let [L] denote the class of L in NS(X) Q . The following well-known proposition says that, for L an ample line bundle on a projective variety X over k, the group of automorphisms of X over k which fix the class of L in NS(X) Q is the group of k-points on a finite type group scheme over k. Proof. The proof of this is given in [65, Remark 2.6] . (Note that we do not need that k is of characteristic zero.)
We will also require the following simple group-theoretic lemma. It is essentially a consequence of the fact that a homomorphism of groups G → H is trivial, provided G is torsion and H is torsion free. Lemma 5.3. Let G be a torsion group. Let Γ be a finitely generated abelian group. Then, any morphism of groups G → Aut(Γ) has finite image.
Proof. Let G → Aut(Γ) be a morphism and let G ′ be its image. Note that G ′ is a torsion subgroup of Aut(Γ).
Minkowski showed that, for all positive integers, the group GL n (Z) has a torsion-free normal finite index subgroup (cf. Selberg's lemma [22, Theorem 2] ). Therefore, by [39, Corollary 6] , the group Aut(Γ) has a torsion-free normal finite index subgroup, say H.
Consider the morphism G ′ ⊂ Aut(Γ) → Aut(Γ)/H. The kernel of this morphism is G ′ ∩ H. Since H is torsion-free and G ′ is torsion, we see that G ′ ∩ H is trivial. Since the index of G ′ ∩ H in G is bounded by the index of H in Aut(Γ), we see that G ′ ∩ H has finite index in G ′ . Thus, as G ′ ∩ H is trivial and of finite index in G ′ , we conclude that G ′ = Im[G → Aut(Γ)] is finite.
We now show that positive-dimensional algebraic groups over algebraically closed fields of characteristic zero have elements of infinite order. This is a non-trivial fact when k is countable.
Lemma 5.4. Let k be an algebraically closed field of characteristic zero. Let G be a finite type group scheme over k such that G(k) is torsion. Then G is finite.
Proof. We may and do assume that G is connected. Since k is of characteristic zero, by Cartier's theorem [71, Tag 047N], the group scheme G is smooth. Thus, G is an "algebraic group over k" in the sense of [23] . By Chevalley's theorem [23, Theorem 1.1], there is a unique normal affine connected linear algebraic subgroup H in G such that G/H is an abelian variety. If H is non-trivial, then H contains either G a,k or G m,k as a subgroup. Since k is of characteristic zero, the group G a (k) is not torsion, and the group G m (k) is not torsion. Thus, if H is non-trivial, then H(k) contains non-torsion elements. Therefore, as G(k) is torsion, it follows that H is trivial, so that G is an abelian variety (by the defining property of H). However, as k is of characteristic zero, if G is a positive-dimensional abelian variety over k, then G(k) contains a point of infinite order [32, Theorem 9] . Therefore, we conclude that G is the trivial group, as required.
Remark 5.5. Note that, if L is a field of characteristic p > 0, then G a,L is a positivedimensional (non-finite) group scheme over L, and G a (L) = (L, +) is an abelian p-torsion group. Thus, Lemma 5.4 is false over any algebraically closed field L of positive characteristic.
We are now ready to prove our "criterion" for finiteness of the automorphism group of a projective variety over an algebraically closed field of characteristic zero.
Proof of Theorem 1.6. Let X be a projective variety over k such that Aut k (X) is a torsion group. Since Γ := NS(X) is a finitely generated abelian group (see for instance [16, Theorem 8.4.7] ), it follows from Lemma 5.3 that there is a finite index subgroup H ⊂ Aut k (X) which acts trivially on Γ = NS(X). Let L be an ample line bundle on X, and note that H fixes the class of L in NS(X) Q . By Proposition 5.2, the group of automorphisms which leave the class of L fixed in NS(X) Q is representable by a finite type group scheme G := Aut X/k, [L] . Note that H ⊂ G(k) ⊂ Aut k (X). In particular, as Aut k (X) is torsion (by assumption), it follows that G(k) is torsion. Thus, by Lemma 5.4, the finite type group scheme G is finite over k. As H ⊂ G(k), we see that H is finite. Since H is of finite index in Aut k (X), we conclude that Aut k (X) is finite.
Remark 5.6. The analogue of Theorem 1.6 is false for projective varieties over F p . Indeed, let X be a smooth proper connected curve of genus one over K = F p . Then, the automorphism group Aut K (X) is torsion and infinite.
Remark 5.7. It seems reasonable to suspect that the analogue of Theorem 1.6 fails over any algebraically closed field of positive characteristic. Indeed, at the bottom of page 10 in [18] , Brion constructs a smooth projective surface S over k such that Aut 0 S/k = G a,k . In particular, for this surface S, the group Aut 0 S/k (k) = G a (k) is infinite and torsion.
Remark 5.8. Theorem 1.6 confirms that, if X is a projective variety over k and Aut k (X) is torsion, then Aut k (X) is finite. We stress that this is not a consequence of Bass-Lubotzky's theorem which in this case "only" says that every finitely generated subgroup of Aut k (X) is finite (i.e., Aut k (X) is locally finite); see [5] and [10, Theorem 1.2] . (It also seems worthwhile stressing that there are smooth projective varieties over C such that Aut C (X) is a discrete non-finitely generated group; see Remark 5.12.)
As an application of Theorem 1.6, we now prove the following more general result.
Corollary 5.9. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero. Let X be a projective variety over k. If Aut k (X) is torsion, then Aut L (X L ) is finite.
Proof. By Theorem 1.6, the group Aut k (X) is finite. Thus, by Lemma 5.1, the group Aut L (X L ) is finite. This proves the corollary.
Corollary 5.10. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero. Let X be a projective variety over k. Then X has an automorphism of infinite order if and only if X L has an automorphism of infinite order.
Proof. If X has an automorphism of infinite order, then X L has an automorphism of infinite order. Thus, to prove the corollary, suppose that X has no automorphism of infinite order. Then Aut k (X) is torsion, so that Aut L (X L ) is finite (Corollary 5.9). Therefore, the group Aut L (X L ) has no element of infinite order. This proves the corollary. Remark 5.12. For all n ≥ 2, there exists a smooth projective simply connected ndimensional variety X over C such that Aut 0 X/C is trivial and Aut C (X) is a non-finitely generated (infinite, non-torsion) group; see [29, 62] . Note that the arguments and ideas in loc. cit. are different from those used in our proof of Theorem 1.6.
Endomorphisms of arithmetically hyperbolic varieties
In this section we study orbits of endomorphisms of arithmetically hyperbolic varieties.
Obviously, if f : X → X is an endomorphism of an arithmetically hyperbolic variety X, then the f -orbit of each point is finite. This basic observation is the starting point of our proofs of Theorems 1.2 and 1.5. 6.1. Orbits of endomorphisms of arithmetically hyperbolic varieties. Let k be an algebraically closed field of characteristic zero. If f : X → X is an endomorphism of a variety over k and i ≥ 1, we let f i : X → X be the composition of f with itself i-times. We let f 0 := id X . Also, for f : X → X an endomorphism and x ∈ X(k), we define O f (x) := {f k (x)} k≥0 . We will refer to O f (x) as the (forward) f -orbit of x.
The crucial "arithmetic" observation is the following (very) simple lemma.
Lemma 6.1. Let X be an arithmetically hyperbolic variety over k. Let E ⊂ End(X) be a subset. Assume that there is a Z-finitely generated subring A ⊂ k and a finite type separated model X for X over A such that every f ∈ E descends to an endomorphism of X over A. Then, for every x in X(k), the set
is finite.
Proof. For every f : X → X in E, let F : X → X be a model for f over A, and let F (A) : X (A) → X (A) be the induced map of sets. Note that, for i ≥ 1, the morphism F i : X → X is a model for f i over A. Since X is arithmetically hyperbolic over k, the set X (A) is finite. Let x be in X(k). Note that X (A) ⊂ X(k). Let A ⊂ B ⊂ k be a Z-finitely generated subring such that x lies in X (B). Now, for all f in E, the f -orbit O f (x) of x lies in the finite set X (B). Thus, we see that O f (x) is finite. This concludes the proof of the lemma. Lemma 6.2. Let X be an arithmetically hyperbolic variety over k. Let f ∈ End(X) and let x ∈ X(k). Then the f -orbit O f (X) of x is finite.
Proof. Define E := {f } ⊂ End(X). Note that there is a Z-finitely generated subring A ⊂ k and a finite type model X over A such that f descends to an endomorphism F : X → X of X over A. Thus, the lemma follows from applying Lemma 6.1 to E.
6.2.
Dynamical systems of infinite order. Let k be an algebraically closed field of characteristic zero, and let X be a variety over k. Recall that a dominant endomorphism f : X → X has finite order if there exist pairwise distinct positive integers n and m such that f n = f m .
In [2] Amerik proved that dominant endomorphisms which are not of finite order have points of infinite order. The methods of Amerik are inspired by the work of many authors on dynamical systems of varieties over number fields; see for instance [9, 11, 31, 38, 68, 70] . We will require a mild generalization of Amerik's theorem in which we allow the base field to be an algebraically closed field of characteristic zero (which is not necessarily Q). Theorem 6.3 (Amerik + ǫ). Let X be a variety over k, and let f : X → X be a dominant morphism. If the orbit of every point x in X(k) is finite, then f has finite order.
Proof. If k is uncountable, this is "obvious". If k = Q this is proven by Amerik [2, Corollary 9] . The arguments in Amerik can be used (with minor modifications) to prove the theorem, as we explain now.
Firstly, by standard "spreading out" arguments, we may and do choose the following data.
(1) A Z-finitely generated subring A ⊂ k;
(2) A finite type separated model X for of X over A;
(3) A morphism of schemesf : X → X withf k = f ; (4) A prime number p, a finite extension K of Q p with ring of integers O K , and an embedding A ⊂ O K ; (5) A maximal ideal p ⊂ O K ; (6) A section x ∈ X (A) ⊂ X (O K ) ⊂ X (K); (7) A dense open affine subscheme U ⊂ X containing x and a finite surjective morphism of schemes U → A n A with U = Spec A[x 1 , . . . , x n , x n+1 , . . . , x m ]/I.
Replacing A by a Z-finitely generated, p by a larger prime number if necessary and K by a finite field extension if necessary, we may and do assume that the above data satisfies the following properties.
(1) every point in the orbit of x p is smooth on X p and the orbit of x p is disjoint from the ramification locus off p . (2) The coefficients of the power series x n+1 , . . . , x m ,f * x 1 , . . . ,f * x m lie in A (when considered as power series in x 1 , . . . , x n ). (3) For all n + 1 ≤ i ≤ m, the (monic) minimal polynomial P i of x i over K[x 1 , . . . , x n ] has coefficients in A and the derivative P ′ i of P i is not identically zero modulo p. To construct this data, one can use Cassels' embedding theorem (which is arguably the only "additional" ingredient necessary to adapt Amerik's arguments) and (following Amerik) Hrushovski's theorem on intersections of graphs with Frobenius [2, Corollary 2] (which relies on [43, 73] ).
In the rest of the proof we follow Amerik. Thus, define N p,x to be
Now, the p-adic "uniformisation" theorem of Bell-Ghioca-Tucker as proven by Amerik (see [2, Proposition 3] ) implies that the following holds. There is an integer ℓ ≥ 1 and an integer N ≥ 1 such that f ℓ maps N p,x into itself, every preperiodic point in N p,x has order at most N , and the subset X(k) ∩ N p,x is dense in N p,x . This implies the result by [2, Corollary 8] .
To prove the main result of this section (Corollary 6.5), we will require the following simple lemma. Thus, P is a fixed point of f n−m . We now use this observation to show that f n−m = id X . Let X g := {P ∈ X | g(P ) = P } be the fixed locus of X. Since X is separated, X g is a closed subscheme of X. Indeed, X g is the intersection of ∆ and the graph of g in X × X. However, since every point in the image of G is a fixed point of f n−m , we see that X g contains the image of G. Moreover, as f is dominant, the morphism G = (f n−m ) k−1 is dominant. Thus, the closed subscheme X g contains the dense subset G(X) of X. Therefore, since X g is closed and dense, it follows that X g = X. We conclude that g = id X , as required. Corollary 6.5. Let X be a finite type separated integral scheme over k, and let f : X → X be a dominant endomorphism. If the orbit of every point x in X(k) is finite, then f is an automorphism of finite order.
Proof. By Amerik's theorem (Theorem 6.3), the morphism f has finite order. Therefore, by Lemma 6.4, we conclude that f is an automorphism of finite order. 6.3. Proof of Theorems 1.2 and 1.5. We first combine the theorem of Amerik [2] with the basic observation that endomorphisms of arithmetically hyperbolic varieties have finite orbits to prove Theorem 1.5.
Proof of Theorem 1.5. Let X be an arithmetically hyperbolic variety over k. We first show that every dominant endomorphism is an automorphism of finite order. Thus, let f : X → X be a dominant endomorphism of X over k. Since X is arithmetically hyperbolic, we see that f has finite orbits (Lemma 6.2). Thus, it follows from Corollary 6.5 that f is an automorphism of finite order. This proves the second statement of the theorem. To prove the first statement, we argue as follows. As every automorphism of X has finite order, the group Aut k (X) is a torsion group. Let Γ ⊂ Aut k (X) be a finitely generated subgroup. Then, as Aut k (X) is torsion, the group Γ is a finitely generated torsion subgroup of Aut k (X). Therefore, by the theorem of Bass-Lubotzky [5, Corollary 1.3] (see also [10, Theorem 1.2]), the group Γ is finite. This shows that Aut k (X) is a locally finite group, and concludes the proof.
It follows from Theorem 1.5 that the automorphism group of an arithmetically hyperbolic variety is torsion. Therefore, automorphism group of a projective arithmetically hyperbolic must be finite by Theorem 1.6. We now make this more precise. Corollary 6.6. Let k ⊂ L be an extension of algebraically closed fields of characteristic zero. Let X be an arithmetically hyperbolic projective variety over k. Then Aut(X L ) is finite.
Proof. Let X be a projective arithmetically hyperbolic variety over k. Since X is arithmetically hyperbolic over k, it follows that Aut k (X) is a torsion group (Theorem 1.5). Thus, it follows from Corollary 5.9 that Aut L (X L ) is finite.
Proof of Theorem 1.2. This follows from Corollary 6.6 (with k = L).
Application to hyperkähler varieties
In this section we prove Theorems 1.7 and 7.2. As usual, let k be an algebraically closed field of characteristic zero. We start with a well-known property of complex algebraic hyperkähler varieties. Lemma 7.1. If Y is a hyperkähler variety over C with Picard rank at least three and only finitely many automorphisms over C, then Y admits a rational curve.
Proof. This is shown by Kamenova-Verbitsky in the proof of [55, Theorem 3.7] , and relies on earlier work of Boucksom and Huybrechts; see [17, 45] . Indeed, under our assumptions, the Kähler cone does not coincide with the positive cone, so that the result follows from [55, Lemma 3.6].
Theorem 7.2. Let X be a hyperkähler variety over k. If ρ(X) ≥ 3 and Aut k (X) is finite, then X admits a rational curve over k and X is not groupless over k.
Proof. Clearly, it suffices to prove that X admits a rational curve over k.
We first descend "everything" to a subfield of C. Thus, let k 0 ⊂ k be an algebraically closed subfield, let k 0 → C be an embedding, and let X 0 be a smooth projective variety with X 0,k ∼ = X over k. Note that X 0 (resp. X 0,C ) is a hyperkähler variety over k 0 (resp. C) with Picard rank at least three. Moreover, since Aut k (X) is finite, it follows from Lemma 5.1 that Aut k 0 (X 0 ) and Aut C (X 0,C ) are finite.
Since X 0,C is a hyperkähler variety over C with Picard rank at least three and only finitely many automorphisms, the hyperkähler variety X 0,C admits a rational curve (Lemma 7.1). Therefore, by a standard argument (see for instance [49, Lemma 2.3] ), the hyperkähler variety X 0 also admits a rational curve over k 0 . We conclude that X admits a rational curve over k.
We are now ready to apply our result on automorphism groups of arithmetically hyperbolic varieties (Theorem 1.2) to prove that certain hyperkähler varieties are not arithmetically hyperbolic.
Proof of Theorem 1.7. Let X be a hyperkähler variety over k with Picard rank ρ(X) at least three. If Aut k (X) is infinite, it follows from our main result (Theorem 1.2) that X is not arithmetically hyperbolic over k. If Aut k (X) is finite, then X is not groupless by Theorem 7.2, and therefore not arithmetically hyperbolic (Lemma 3.11). We conclude that in either case X is not arithmetically hyperbolic over k.
Remark 7.3. Assume the SYZ conjecture holds, and let X be a hyperkähler variety over k with ρ(X) = 2. Following the arguments at the end of the proof of [55, Theorem 3.7], we see that X is not arithmetically hyperbolic over k.
Remark 7.4. The infinitude of the group of automorphisms on a projective variety X over k implies that X is not arithmetically hyperbolic over k (Theorem 1.2). However, it is not true that every such variety has a dense set of "integral points" (on some model). For instance, if C is a smooth projective connected curve over k of genus two, then the smooth projective surface X := C × P 1 k has an infinite automorphism group. However, since C is arithmetically hyperbolic over k (Example 3.15), for any Z-finitely generated subring A ⊂ k and any model X for X over A, the set of A-points X (A) is not Zariski dense in X.
